We extend the self-consistent Ornstein-Zernike approximation (SCOZA), first formulated in the context of liquid-state theory, to the study of the random field Ising model. Within the replica formalism, we treat the quenched random field as an annealed spin variable, thereby avoiding the usual average over the random field distribution. This allows to study the influence of the distribution on the phase diagram in finite dimensions. The thermodynamics and the correlation functions are obtained as solutions of a set a coupled partial differential equations with magnetization, temperature and disorder strength as independent variables. A preliminary analysis based on high-temperature and 1/d series expansions shows that the theory can predict accurately the dependence of the critical temperature on disorder strength for dimensions d > 4. For the bimodal distribution, we find a tricritical point which moves to weaker fields as the dimension is reduced. For the Gaussian distribution, a tricritical point may appear for d slightly above 4.
I. INTRODUCTION
Our understanding of the full phase diagram of randomly disordered magnetic systems in finite dimensions is severely hampered by the lack of a theory that takes into account the effect of fluctuations in an approximate but sensible fashion. This is probably the reason why the nature of the paramagnetic to ferromagnetic transition in the random field Ising model (RFIM) is still under debate after nearly twenty years of intensive studies (for reviews see [1] [2] [3] ). The influence of the random field distribution on the order of the transition is one of the important open problems. Whereas mean-field theory [4, 5] , which should be valid in high dimensions, predicts that some distributions give rise to a tricritical point, neither numerical simulations [6] [7] [8] [9] nor high-temperature series expansions [10] [11] [12] have been able to yield a clear-cut answer yet. Recent numerical determinations of the ground states at zero temperature do not seem to clarify this issue [13, 14] . In addition, as suggested by several analytical works [15] [16] [17] [18] [19] , it may be that the true phase diagram is more complicated than anticipated, with the occurrence of an intermediate "glassy" phase signaled by a breaking of symmetry in the replica formalism. The fact that the RFIM, for a certain range of temperatures and fields, has a complicated energy landscape (so that the mean-field equations for the local magnetizations have many solutions [20] ) also explains the failure of standard renormalization group perturbation theory [21, 22] and the breakdown of dimensional reduction.
In this work, we propose a theory for the RFIM that allows an approximate study of the influence of dimensionality on equilibrium properties. This is done by extending to this model the so-called self-consistent Ornstein-Zernike approximation (SCOZA) developed by Hoye and Stell [23] for simple fluid and lattice-gas systems. Recently, the SCOZA has been shown to provide a very good description of the properties of the three-dimensional Ising model, even in the close vicinity of the critical point [24] . We expect that the same approximation scheme will be useful in the case of disordered systems, as well. In a previous work [25] , we studied as a first application the site-diluted Ising model, showing that this approach can indeed provide an accurate description of the dependence of the critical temperature on dilution. To overcome the lack of translational invariance of the Hamiltonian due to the random disorder, we applied the replica method in an unusual way, replacing the original system by n+1 coupled systems with translationally invariant interactions. In the following, we shall use the same procedure and assume that there is no violation of replica symmetry. Our formalism can be generalized to study a possible replica symmetry breaking, but this question will be adressed in a forthcoming paper dealing also with the spin glass problem [26] .
The paper is organized as follows. In section II, we derive the replica-symmetric OrnsteinZernike equations for the RFIM. In section III, we introduce successively the Random Phase approximation (which is just another way of obtaining the mean-field thermodynamics) and the Optimized Random Phase approximation, which represents a first improvement on mean-field theory for hard-spin systems in finite dimensions. We then derive in section IV the SCOZA partial differential equations for the Gaussian and bimodal distributions of the random field. In section IV, we analyze the solution in terms of high-temperature and 1/d series expansions. A summary and a discussion are provided in section V.
II. REPLICA-SYMMETRIC ORNSTEIN-ZERNIKE EQUATIONS
The RFIM is defined by the Hamiltonian
where J > 0, σ i = ±1, and < ij > indicates that the sum is over pairs of nearest neighbor sites of a d-dimensional lattice. H is a uniform magnetic field and the local fields h i are independent random variables distributed according to some common probability distribution P(h). Quenched thermodynamic averages are defined by
< A > T = T r[exp(−βH)A]/T r[exp(−βH)]
where β = 1/(k B T ) and the overbar denotes an average over the random field distribution.
If not stated otherwise, we shall concentrate on the class of distributions that depend on a single positive parameter h 0 which measures the strength of disorder. They thus satisfy
where τ = h/h 0 and P(τ ) is independent of h 0 . This includes the much studied Gaussian distribution,
and the bimodal distribution,
In the first case, the quenched variables τ i are continuous (soft) spin variables whereas they only take the values ±1 (Ising-like) in the second case. The crucial point is that both quenched and annealed variables, τ i and σ i respectively, are present. Such quenched-annealed two-species systems have been previously introduced in the context of liquid-state theory to describe continuum fluids adsorbed in porous media [27, 28] . The replica method was used to obtain a set of exact equations for the pair correlation functions [29] and to derive thermodynamic relations [30] . The same technique can be used here. We first introduce n copies of the annealed spin variables and consider the Hamiltonian
Now, in contrast with what is usually done, we do not perform the average over the disorder variables to get an effective Hamiltonian (see however Appendix A). We treat the variables {σ a i } and {τ i } on an equal footing and we consider H rep ({σ a i }, {τ i }) = H n − 1/β i ln P(τ i ) as the Hamiltonian of a mixture of (n + 1) spin species. The corresponding free energy is F rep = −1/β ln[T r exp(−βH rep )], where the trace is taken over {σ a i } and {τ i }. The average free energy of the RFIM is then given by
and the average magnetization m = < σ i > T is given by
where < ... > rep denotes the average with respect to H rep . The disconnected and connected correlation functions, G dis (r) = < σ 0 > T < σ r > T − m 2 and G con (r) = < σ 0 σ r > T − < σ 0 > T < σ r > T , are related to the replica correlation functions
and
We also introduce the correlation functions G 00 (r) = τ 0 τ r −τ 2 and G 01 (r) = τ 0 < σ r > T −τ m which are related to the replica correlation functions
One has G 00 (r) = (τ 2 − τ 2 ) δ r,0 for the distribution functions of uncorrelated random fields that are considered here (in principle, the case of correlated fields can be studied with the present formalism as well). Because of the hard spin condition σ i = ±1, one also has the sum-rule
where G 11 (r) = G con (r) + G dis (r) (the Fourier transform of G 11 (r) is the structure factor measured, e.g., in scattering experiments [2] ). Eq. (13) is equivalent to the so-called "core" condition in a lattice-gas [31] . On the other hand,
where q = < σ i >
2
T is the standard spin-glass order parameter. We now provisionally assume that the external magnetic field is nonuniform, replicadependent, and has an extra component H 
which satisfies
G rep generates the direct correlation functions (or proper vertices in field-theoretic language) which we define by
Since G
which, in the limit of a uniform replica-independent magnetic field, become in Fourier space
By taking the limit n → 0 and assuming replica symmetry, we finally obtain
where the C's are related to the corresponding replica direct correlation functions by relations similar to Eqs. (9) (10) (11) (12) . Note that the first equation decouples from the other ones, as it should be, and that G 01 = G 10 and C 01 = C 10 by symmetry. These equations, hereafter called the replica-symmetric Ornstein-Zernike (RSOZ) equations, represent the starting point of our study. Apart from a few notational changes, they are the same as those originally derived by Given and Stell [29] for a quenched-annealed mixture in the context of liquid-state theory (see also Refs. [32, 33] for an application to a lattice-gas model of a fluid in a disordered matrix). Because of the Legendre transform, m is now a control variable at our disposal instead of H, and in the following all quantities will be considered as functions of the three independent variables m,J = βcJ (where c is the coordination number of the lattice) andh 0 = βh 0 . We shall be especially concerned with the behavior of the susceptibility χ(m,J,h 0 ) = ∂m/∂(βH) given by
In the approximate theories that are discussed below, the divergence of χ at fixed h 0 defines the spinodal line in the T − m plane. For a symmetric distribution (i.e., P(h) = P(−h)), and if the transition is continuous, the critical point is reached when the spinodal meets the magnetization curve at m = 0. Alternatively, we can locate the critical temperature by plotting χ −1 (m = 0) as a function ofJ at fixed h 0 .
III. RANDOM PHASE AND OPTIMIZED RANDOM PHASE APPROXIMATIONS A. Random Phase Approximation
When one turns off the exchange interaction in the RFIM Hamiltonian H, all quenchedaveraged quantities can be calculated straightforwardly by direct averaging over the random field distribution. Hereafter, we shall call the system where J = 0 the reference system. One then has
which can be inverted to get βH as a function of m andh 0 (at least under the form of an infinite series). Then
becomes a function of m andh 0 . For instance,
for the Gaussian distribution, and
for the bimodal distribution. In the reference system, all correlation functions are purely local,
where
From the RSOZ equations, we then get
where c 00 = (τ 2 − τ 2 ) −1 (c 00 = 1 for the symmetric Gaussian and bimodal distributions defined by Eqs. (4) and (5)). Note that a special feature of the bimodal distribution is that C ref dis (r) = 0, as can be readily checked.
Once a reference system has been chosen, the Random Phase approximation (RPA) consists in adding to the direct correlation fonctions of the reference system the pair interactions which had been turned off (see, e.g., Ref. [34] ). In the present case, since there is no direct interaction between distinct replicas in the Hamiltonian H rep (because the average over disorder has not been performed explicitly), the RPA in Fourier space writeŝ
whereλ(k) = 1/c e exp(ik.e) is the characteristic function of the lattice and e denotes a vector from the origin to one of its nearest neighbors. Using Eqs. (21) and (29), this leads to
The same result is obtained by differentiating the mean-field expression of the magnetization [4] ,
with respect to βH. Therefore, the above RPA description is equivalent to the standard mean-field theory of the RFIM [4, 5] . Note however that the RPA free energy is identical to the mean-field free energy only when it is obtained by integration of the susceptibility. As will be stressed in section IV, there are several routes to obtain the thermodynamics from the correlation functions, and when the latter are only known approximately the different routes may not lead to the same results. For spin systems, the free energy or the Gibbs potential can be computed either from the susceptibility given by Eq. (21) or by integrating with respect to temperature the enthalpy which is itself expressed in terms of the pair correlation functions. For simplicity, we only discuss in this section the results of the susceptibility route. Then, for a symmetric distribution, and if the transition is second-order, the boundary between the ferromagnetic and paramagnetic phases is given in the RPA by z RP A (m = 0,J c ,h 0 ) = 1, i.e.,J
In this approximation, the transition remains second-order along the whole phase boundary for the Gaussian distribution [4] . On the other hand, it becomes first-order at sufficiently large disorder strength when the random field distribution has a relative minimum at zero field [5] . For instance, the tricritical point occurs atJ t = 3/2, tanh 2 (h 0,t ) = 1/3 for the bimodal distribution. Whether this scenario still holds in finite dimensions (i.e. when c is small) is an open question.
B. Optimized Random Phase Approximation
One shortcoming of the RPA is that the sum-rule, Eq. (13), is not satisfied. Indeed, from the RSOZ equations, we havê
(this expression leads to the well-known Lorentzian and Lorentzian-squared terms in the mean field structure factor near k = 0 [2] ). Introducing the lattice Green's function [35] 
and going back to real space, we get
where P ′ (r, z) ≡ ∂P (r, z)/∂z. We thus have
where P (z) ≡ P (r = 0, z). In general, this is different from 1 − m 2 .
To cure this problem, one may simply add to C ref con (r) a state-and field-dependent perturbation potential that is different from zero at r = 0 and chosen in such a way that Eq. (13) is satisfied (of course, in the true system, the observables cannot depend on the value of the spin-spin interaction at r = 0). Using the terminology of liquid-state theory [34] , we call this approximation the Optimized Random Phase approximation (ORPA) [36] . We thus writeĈ
whereas Eqs. (32b) and (32c) are left unchanged. Introducing z ORP A =J/c c , we now havê
and the sum-rule, Eq. (13), writes
which is viewed as an implicit equation for
For a symmetric distribution, and if the transition is second-order, the inverse critical temperature is then given by
In the absence of quenched disorder (i.e. when h 0 = 0), one has q ref = m 2 and the inverse critical temperature is given byJ c = P (1), i.e., β c = P (1)/(cJ). In this case, the ORPA is identical to the mean-spherical approximation (MSA) [37] . (The MSA can be extended to the RFIM by choosing as reference the system where J = 0 and h 0 = 0; then, Eqs. (32b) and (32c) are replaced byĈ
(k) = −h 0 , which amounts to a linearization of the ORPA expressions with respect toh 0 .) For d → ∞, P (z) → 1 and P ′ (z) → 0, and we recover from Eq. (43) the mean-field equation for the critical temperature, Eq. (35) . On the other hand, for d ≤ 4, P ′ (z) diverges at z = 1 (whereas P (1) diverges for d ≤ 2), and the critical temperature, solution of Eq. (43) , is driven to zero. This unfortunate drawback is shared by any Ornstein-Zernike theory that assumes that C con (r) has the same range as the exchange interaction and that makes use of the susceptibility route. In this case, one finds from the RSOZ equations that the critical exponents η andη, defined by G con (r) ∼ r −d+2−η and G dis (r) ∼ r −d+4−η when r → ∞ at the critical point, are both zero. As a consequence, there is no critical point at nonzero temperature for d ≤ 4 because this would lead to the unacceptable result that G 11 (r) does not decrease to zero at long distances.
By using the expansion of P (z) about z = 1 for d > 2 and d = 4, 6, 8... [35] , 
. The mean-field exponents are recovered for d ≥ 6. Therefore the ORPA susceptibility route leads to a d → d − 2 dimensional reduction that is a direct consequence of the Ornstein-Zernike approximation for the direct correlation functions. On the other hand, it is easy to show that the enthalpy route yields classical (mean-field) critical exponents. Both routes give back the mean-field results in the limit d → ∞ (a more complete study of the ORPA for hard-spin systems with quenched disorder will be presented elsewhere [39] ). An illustration of the predictions of the ORPA is given in Tables I and II for the 5-d hypercubic lattice (c = 10, P (1) = 1.156308, P ′ (1) = 0.778633). The inverse critical temperatures obtained from Eq. (43) are compared to the best available estimates obtained from a fifteen-term high-temperature series expansion of the susceptibility [12] (the disorder strength is measured here in terms of the reduced variableg = h 2 0 /(cJ) 2 =h 2 0 /J 2 ; this differs from the g defined in Ref. [12] by the factor 1/c 2 ). Although the ORPA represents a clear improvement on mean-field theory, we see that the agreement with the "exact" results deteriorates significantly as the field increases. For the bimodal distribution, Eq. (43) has no solution wheng ≥ 0.1199 and one may suspect that the transition becomes first-order for the highest values of the field. In order to decide on the existence of a tricritical point, we expand the inverse susceptibility around m = 0 along the critical isotherm and look for the change of sign of χ
− , this amounts to expanding the solution of Eq. (42) . Using the expansion given in Eq. (44), we find after some calculations that the two conditions for tricriticality are Eq. (43) and
where t = tanh(τh 0 ). For the Gaussian distribution, Eqs. (43) and (45) = 0.193 andJ ORP A t = 1.5, we see that there is a range of fields where the transition is driven first order by fluctuations, in agreement with the conclusion of a previous high-temperature series analysis [11] . For more general symmetric random-field distributions, a careful analysis of Eqs. (43) and (45) shows that the conclusion of Aharony [5] based on mean-field theory remains unchanged for the ORPA: a sufficient condition for the occurence of a tricritical point is that P(h) has a minimum at zero field.
IV. SELF-CONSISTENT ORNSTEIN-ZERNIKE APPROXIMATION
As is well known in liquid-state theory and has been mentionned above, solving the Ornstein-Zernike equations with an approximate expression of the direct correlation functions like in the RPA, the ORPA or any other approximate closure relation such as the Percus-Yevick approximation or the hypernetted chain equation [34] , generally leads to thermodynamic inconsistencies. In the language of magnetic systems, this means that different Gibbs potentials are obtained depending on whether one uses the susceptibility or the enthalpy routes (the enthalpy is defined by E = G + T S = U + MH where S and U are the entropy and internal energy, respectively, and M = Nm is the total magnetization). For instance, in the pure Ising model, the former route corresponds to the double integration of the equation χ −1 =Ĉ(k = 0) = ∂ 2 (βG/N)/∂m 2 with respect to m (at constant T ), and the later to the integration of the Gibbs-Duhem relation E = ∂βG/∂β with respect to β (at constant m). The requirement that the two routes lead to the same results is thus embodied in the relation ∂Ĉ(k = 0)/∂β = ∂ 2 (E/N)/∂m 2 , provided that the appropriate initial conditions are satisfied. Since the enthalpy per spin is given by
The extension to the RFIM is straightforward. Let us consider the general variation of the average free energy due to variations of the three control parameters J, h 0 and H. We have
Then, from the definitions of G 11 (r) and G 01 (r), we readily find that
On the other hand, we have from Eq. (17)
so that we get the three "Maxwell relations":
∂G 11 (r = e) ∂h 0 (51)
Since the enthalpy density is given from the Hamiltonian H by
the combination of Eqs. (50) and (52) yields
which generalizes the self-consistency relation for the pure Ising model discussed above and used in Ref. [24] . The SCOZA strategy is now the following. We assume that the three direct correlation functions C con (r), C dis (r) and C 01 (r) have the same range as in the RPA but with values (for the present problem at r = 0 and/or r = e) which are state-and field-dependent. We thus write in Fourier spacê
(for notational simplicity, we do not use the index SCOZA for z, c c , c d and c 01 ). It follows from the RSOZ equations that
We then impose that the exact relations, Eq. (13) and Eqs. (50-52), be satisfied. This leads to a set of partial differential equations (PDE) in the unknown quantities z, c c , c d and c 01 . This is not enough, however, because only two of Eqs. (50-52) are independent provided that the appropriate initial condifions are satisfied (for instance Eqs. (50) and (51)). We thus need an additional relationship between the pair correlation functions. This extra equation is readily found in the case of the Gaussian probability distribution which has the special property that A τ P(τ )dτ = (dA/dτ )P(τ )dτ . Choosing A =<
and one gets the exact relationship
Since c 00 = 1, this gives, when inserted in the RSOZ equations,
We thus take c 01 = −h 0 in the SCOZA equation (55c) and we use the sum-rule, Eq. (13), to express c d as a function of c c ,
Using the fact that the Green's function at nearest-neighbor separation satisfies P (r = e, z) = [P (z) − 1]/z, we finally obtain from Eqs. (50) and (51) two coupled PDE's in z(m,J ,h 0 ) and c c (m,J,h 0 ),
When setting c c = P (z)/(1 − m 2 ) in these two equations, the first one reduces to the PDE for the pure nearest-neighbor lattice-gas (h 0 = 0, with the usual substitution ρ = (1 + m)/2 and w = 4J) which has been studied in Ref. [24] ; see also the discussion in section V. In fact, the exact relationship, Eq. (57), suggests that it was unnecessary to introduce the correlation function G 01 (r) in the Gaussian case and that one could have averaged over the quenched disorder from the outset, as is usually done. We show in Appendix A that the same expressions of the correlation functions and of the thermodynamic quantities are obtained within the SCOZA when one uses this alternative route.
The case of the bimodal distribution is somewhat more complicated. As already noticed, it also has a special property, namely, C ref dis (r) = 0. However, C dis (r) is not zero when J = 0 and there is no reason a priori to set c d (m,J,h 0 ) = 0 in Eq. (55b). The solution to this problem consists in introducing an additional independent variable that allows to control the mean value of the random-field. Indeed, Eq. (17) tells us that
which gives, in the limit n → 0 and for a uniform magnetic field,
In consequence, we derive from Eq. (48) two additional Maxwell relations
Only three of Eqs. (50-52) and Eqs. (63-64) are independent but we now have with Eq. (13) the right number of equations to determine unambiguously z, c c , c d , and c 01 . In Appendix B, we apply this procedure to the asymmetric bimodal probability distribution P(h) = pδ(h − h 0 ) + (1 − p)δ(h + h 0 ). Sinceτ = 2p − 1, the parameter p can be varied independently of m,J andh 0 to changeτ . This leads to three PDE's, Eqs. (B3). Of course, it is significantly more difficult to solve three PDE's than only two and it is highly desirable to simplify the problem, especially if one is only interested in the case p = 1/2. Fortunately, it turns out that c d = 0 is a very good approximation to the full solution of Eqs. (B3) (more precisely, we show in Appendix B that c d = 0 through order β 6 in the high-temperature series expansion of the solution of Eqs. (B3)). This is probably related to the fact that one has C 
and we finally obtain from Eqs. (50) and (51) two coupled PDE's in z(m,J ,h 0 ) and f (m,J,h 0 ) (cf. Eqs. (B3a) and (B3b) with r = f ),
V. SERIES EXPANSIONS OF THE SCOZA SOLUTIONS FOR THE GAUSSIAN AND BIMODAL DISTRIBUTIONS
To integrate the coupled PDE's, Eqs. (60) 
for the Gaussian distribution, and (24) and (25) .
It may be noticed that Eqs. (60) and (66) have a different behavior in the limit h 0 → 0. Indeed, z and c c are even functions of h 0 whereas f is an odd function. Therefore, the solution of Eq. (66b) when h 0 → 0 is f = 0, which leads to c c = P (z)/(1 − m 2 ) so that z is identical to the solution of the equation for the pure system that has been considered in Ref. [24] . On the contrary, in the Gaussian case, the solution of Eq. (60b) is not c c = P (z)/(1 − m 2 ) when h 0 → 0, and one does not recover the pure system results. The discrepancy, however, is extremely small.
In Ref. [24] , the numerical integration of the SCOZA partial differential equation for the pure Ising model was performed by rewritting this equation as a quasi-linear diffusion equation for which implicit predictor-corrector algorithms are available in the literature. The numerical integration of the coupled PDE's, Eqs. (60) or (66), is more difficult and we defer this task to a later work. Note however that an interesting feature of the theory is that a single run of integration steps sweeps the whole parameter space, so that the phase diagram in the T − h 0 plane can be obtained at once. In what follows, we only give some preliminary results obtained from series expansions.
The SCOZA equations are indeed quite suitable for deriving high-temperature series. Since z vanishes whenJ → 0, one can expand the Green's function P (z) in powers of z,
(with P 2 = 1/c), and substitute into the PDE's. We then express z(m,J,h 0 ), c c (m,J,h 0 ) and f (m,J,h 0 ) as triple series inJ, m andh 0 ,
by using the fact that z vanishes when m = ±1. Eventually, we must gather inĈ con (k = 0) all terms at a given order in β in order to obtain from Eqs. (21) and (55a) the hightemperature series expansion of the zero-field susceptibility. A careful analysis of the PDE's shows that to calculate χ(m = 0) through the order β n it is sufficient to consider the triple series, Eqs. (70)- (72), up to finite values of i, j, k : i max = n, j max = n − i and k max = n − i or (n − i)/2 for the Gaussian or bimodal distribution, respectively (this is for Eqs. (70) and (71); in Eq. (72), k max = n − i − 1/2 or (n − i − 1)/2). The crux of the calculation is that the coupled PDE's reduce at each order inJ, m,h 0 to a system of linear algebraic equations in the unknown coefficients z ijk and c c,ijk or z ijk and f ijk . In consequence, the whole calculation can be performed with reasonable effort using a symbolic computation software like MAPLE or MATHEMATICA. The results for the hypercubic lattice in general dimension are
for the bimodal one (here g = 4d 2g as in Ref. [12] ). Comparison with the exact series [12] shows that the SCOZA series are exact through the fourth-order term (at the order β 5 , the only inexact coefficients are those of d and d 2 which take the values -28/3 and 88/5 instead of -116/15 and 16, respectively). More generally, the numerical values of the higher-order coefficients are in remarkable agreement with the exact ones. As an illustration, the terms of order β 15 are given in Appendix C for both distributions (note that at each order in β the coefficient of the highest-order term in g is exact: this is because the reference system is treated exactly as a boundary condition to the PDE's). Similar series expansions can be obtained for the structure factorĜ 11 (k = 0) and for other types of lattice (one only has to use the corresponding Green's function in the PDE's).
We now turn to more quantitative predictions. Assuming that
−γ near T = T c , we have performed a Dlog Padé analysis of the high-T series (since we hope to have a numerical solution of the PDE's in the near future, we have not tried to apply more sophisticated methods of analysis such as the ones used in Ref. [12] ). For the critical temperature, the convergence between the different approximants is fairly good and the results in d = 5 using a [5/6] approximant are given in Tables I and II (this approximant has been chosen because of its smooth behavior as a function ofg). We see that the SCOZA predictions are in very good agreement with the estimates obtained from the exact hightemperature series expansion [12] . The phase diagrams displayed in Figures 1 and 2 show that the improvement on the RPA and the ORPA is indeed remarkable. On the other hand, the predictions for γ are rather sensitive to the order of the approximant and are therefore less reliable than for the critical temperature. γ must anyhow be interpreted here as an effective exponent since we expect to obtain the random-field spherical-model exponents asymptotically (this is not yet proved, however). The increase of γ with g has been noted in preceding studies [12] but for a serious discussion we must wait until the numerical solution of the PDE's is available.
To discuss the possible occurence of a tricritical point in hypercubic lattices, it is more convenient to consider 1/d expansions. These can be obtained either by using the 1/d expansion of the Green's function, P (z) = 1+z 2 /(2d)+3z 4 /(2d) 2 +..., or by using the conventional scaling J = 1/(2d) to reorganize theJ-expansions. In the pure Ising model, this latter procedure readily yields the 1/d expansion of the critical temperature around the mean-field d → ∞ limit. In the RFIM, the calculation is more complicated because the mean-field critical temperature is itself solution of an implicit equation, Eq. (35) . In consequence, we cannot use the conventional high-temperature β-expansion as a starting point, but rather theJ-expansion at constanth 0 = βh 0 . In order to get the systematic corrections around mean-field theory, it is more convenient to take q ref (m = 0) = tanh 2 (h 0 τ ) instead ofh 0 as independent variable in the PDE's. All this complicates the formal procedure, especially in the Gaussian case, and we have computed the expansion only through order 2. For the bimodal distribution, we find that the inverse zero-field susceptibility is given by: 
. The tricritical point is obtained by solving simultaneously the equations χ −1 (m = 0) = 0 and ∂ 2 χ −1 /∂m 2 | m=0 = 0 (since one always has classical mean-field critical exponents in a 1/d expansion, we take here δ = 3). This yields
andg
(recall thatg =h 2 0 /J 2 ). We thus approximately locate the tricritical point in d = 5 at J t = 1.771 andg t = 0.147 (see Fig. 2 ). This confirms the conclusion reached with the ORPA: there is a range of field strengths (for instance, 0.147 <g < 0.193 in 5-d) where the transition is driven first-order by fluctuations. The anomalous behavior of γ observed at large g in Table II is probably related to a crossover to this tricritical behavior.
For the Gaussian distribution , we find
The function K(x) can be calculated once for all; one has K(x) = 1 − 4x + 9x 2 − 24x 3 + 96x 4 + O(x 6 ), and since x = 1 − (2/π)h
3 when x → 1. Here too, the expansion is exact to first order in 1/d. The resulting expansion ofJ c is:
The expansion given by Eq. (79) also permits to calculate the expansion of g * , the variance of the random-field distribution for which T c = 0. We find
Since there is no tricritical point in infinite dimension, we cannot perfom a perturbative expansion ofJ t org t around mean-field theory. However, we can expand the equations χ −1 (m = 0) = 0 and ∂ 2 χ −1 /∂m 2 | m=0 = 0 in powers of 1/d and look for a solution at a given value of d. For d ≥ 5 there is no indication that a tricritical point occurs. On the other hand, the calculation at order 1/d 2 suggests that the transition becomes first order for sufficiently strong disorder when d ≤ 4.2. This is certainly a rough estimation which must be confirmed by the numerical solution of the PDE's. The fact that d ≈ 4 might be a "critical" dimension for the Gaussian RFIM has been also suggested by preceding high-T series analysis [11] .
Finally, we have also calculated the high-T and 1/d series expansion of the quantity A defined as
It has been argued in the literature [42, 43] that A should be equal to 1. In agreement with the analysis of Ref. [12] , we find that A is always finite (this is here a direct consequence of the OZ approximation for the correlation functions) and close, but not exactly equal to unity.
VI. CONCLUSION
The calculations of the preceding section, based on the analysis of high-T and 1/d series expansions, shows that the thermodynamically self-consistent Ornstein-Zernike approximation (SCOZA) accurately predicts the critical temperature T c (h 0 ) of the RFIM in dimension d > 4 for both the Gaussian and bimodal distributions (at least in the range of disorder strength where we can compare to the available "exact" results). For the bimodal distribution, we find that the phase transition becomes first-order for sufficiently strong random fields, in agreement with mean-field theory [5] , and that the tricritical point moves to weaker fields as the dimension is reduced. A tricritical point may also appear in the Gaussian case for dimensions slightly above 4, but the numerical solution of the partial differential equations is needed to settle this question. This numerical solution, when available, will also permit to probe the critical region and to calculate the effective exponents above the critical point (the analytical determination of the true asymptotic exponents, especially on the coexistence curve, and the elucidation of the scaling behavior of the theory are also challenging tasks). The accuracy of the theory shows that the assumption that the connected and disconnected direct correlation functions have the same range as in the RPA (i.e., essentially the same range as the interaction potentials) is quite reasonable, as long as one does not approach the critical point too closely or go to very low temperatures (the exact structure of the correlation functions is certainly more complicated at low temperatures, as illustrated by the exact results in 1-d [44] ). The main shortcoming of this Ornstein-Zernike assumption is that η =η = 0 which forces T c to be zero for d ≤ 4. On the other hand, the SCOZA can be easily generalized to the n-component version of the RFIM, as it has been done for the pure Ising model [45] . One can then show that the theory becomes exact in the spherical-model limit n → ∞. This means that the SCOZA should be even more accurate for the classical random-field X-Y or Heisenberg models. Finally, it must be stressed that all the above results assume that replica symmetry is not broken in finite dimensions. This assumption must be justified (or invalidated) by studying the stability of the replica symmetric solution. This will be done in a forthcoming paper devoted also to the application of the SCOZA to the Edwards-Anderson spin-glass model [26] .
In the case of the Gaussian distribution, one usually averages exp(−βH n ) over disorder to get an effective Hamiltonian
The species 0 does not appear any more but the replicas are now interacting. The corresponding RSOZ equations areĜ
Working first in replica space and then taking the limit n → 0, it is easily shown that the differential expression for the Gibbs potential is now
(τ = 0 for the Gaussian distribution). Because of Eq. (57), one thus gets the same Maxwell relations as Eqs. (50-52). On the other hand, some care must be taken in computing the internal energy or the enthalpy. The internal energy is obtained from U = lim n→0 ∂U ef f /∂n where U ef f satisfies the Gibbs-Duhem relation U ef f = ∂(βF ef f )/∂β. Since the Hamiltonian H ef f is temperature-dependent, one has the unusual expression U ef f =< H ef f + β ∂H ef f /∂β > ef f where < .. > ef f denotes the average with respect to H ef f . From Eq. (A1), this gives
Taking the limit n → 0 and using Eqs. (10) and (12), one obtains
which, owing to Eq. (57), reduces to Eq. (53), as it should be. Since the interaction between replicas is on-site, the range of the SCOZA direct correlation functions C 
so that
It is then clear that the requirement that Eqs. (13), (50) and (51), together with the exact initial conditions atJ = 0, be satisfied implies that z ′ = z and c 
APPENDIX B:
We consider the asymmetric bimodal distribution Table 1 : Inverse critical temperature and critical exponent γ for the 5-d hypercubic lattice (Gaussian distribution). The SCOZA predictions have been obtained from a [5/6] Dlog Padé analysis of the high-T series expansion of the zero-field susceptibility. The "exact" results are taken from Ref. [12] , except for g = 0 which is taken from Ref. [40] . Note that g in Ref. [12] corresponds to ourg multiplied by c 2 = 100. Fig. 1 , but for the bimodal distribution. Only the portion of the curves corresponding to a second-order transition is represented. The crosses locate the tricritical points. The SCOZA tricritical point is estimated from a 1/d series expansion at second order.
